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Sometimes we get so involved in 
the beauty and complexity of the 

model that we forget what the 
validating conditions were and use 
them outside of the range of validity 

Models are instruc/ve and usefull 
 to demonstrate principles 

     However 



Closer to real systems  



Remember that Transition metal 
and Rare earth compounds  

•  Consist of real atoms on a lattice with 
numerous orbitals of importance (unlike H) 

•  The charge carriers and spins live on atoms 
•  The atoms or ions can be strongly polarizable 
•  Polarizability is very non uniform i.e. O2- is 

highly polarizable Cu2+ is not 
•  We cannot use conventional screening 

models based on uniform polarizability  
•  All of these  will play an important role in 

determining the properties 



Oxides 

Remember at surfaces U is increased, Madelung is decreased, W is decreased 



Interesting  CuS negative  
charge transfer  superconducting 
CuI2 would also have negative c 
harge transfer but it  is not stable 



3 most frequently used theoretical 
methods  

•  Anderson like impurity in a semiconducting host 
consisting of full O 2p bands and empty TM 4s bands 
including all multiplets 

Developed for oxides in early 1980’s, Zaanen, Eskes, 
Kotani, Gunnarson,----- 

•  Cluster exact diagonalization methods. O cluster of the 
correct symmetry with TM in the center. Again include all 
multiplets crystal fields etc 

 Developed for oxides in early 1980’s  Fujimori, Sawatzky, 
Eskes, ------ 

•  Dynamic Mean Field methods, CDMFT, DCA  which to 
date do not include multiplets  

Developed in the late 1990’s: Kotliar, George, Vollhard, 
Jarrell--- 



Zaanen et al prl 55 418 

 (1985)  Anderson impurity ansatz Like DMFT but not self consistant 
But also including all multiplet interactions 

Kondo resonance 



To calculate the gap we calculate  
the ground state of the system with  

n,n-1, and n+1 d electrons  
Then the gap is 

E(Gap)= E(n-1)+E(n+1)-2E(n) 



Two new complications  
•  d(n) multiplets determined by Slater 

atomic integrals or Racah parameters 
A,B,C. These determine Hund’s rules and 
magnetic moments 

•   d-O(2p) hybridization ( d-p hoping int.) 
and the O(p)-O(p) hoping ( O- 2p band 
width) determine crystal field splitting, 
superexchange  etc  

•  These are mostly ionic materials yielding  
a large Madelung potential energy to the 
cohesive energy 



More general multiband model Hamiltonian 



Atomic d-d coulomb interactions  

•  Note that  is a function of up to 4 different 
quantum numbers  U(n,n’,m,m’ )This is 
very important for atomic multiplets  who’s 
eigenstates are often a linear combination 
of a number of Slater determinants.  

•  This fact is often neglected in model 
Hamiltonians 

•  Take for example the Cu(d8) states in 
cuprates D4h point group symmetry 





For the N-1 electron states we need  d8, d9L, d10L2  where L  
denotes a hole in O 2p band. The d8 states exhibit multiplets   

We will come back to  
This later 



• We usually take U(pp) =0 although it is about 5 eV as  
Measured with Auger but the O 2p band is usuallu fiull or  
nearly full.   















The coulomb interactions in terms 
of real space d orbitals 









Reduction of coulomb and 
exchange in solids 

•  Recall that U or F0 is strongly reduced in the solid. 
This is the monopole coulomb integral describing 
the reduction of interaction of two charges on the 
same atom 

•  However the other integrals F2 andF4 and G’s do 
not involve changes of charge but simply changes 
of the orbital occupations of the electrons so these 
are not or hardly reduced in solids . The 
surroundings does  not care much if local eg the 
spin is 1 or zero.   

•  This makes the multiplet structure all the more 
important!!!!! 



We will talk about screening 
somewhat latter for now we 

tabulate some experimentally 
determined values for some 

oxides 



Note that  B and C are only slightly  reduced in the solid they do not 
 involve changes in the local charge !!!   

Van Elp  
Thesis U of  
Groningen  



Need multiband models to 
describe TM compounds 

However numerous studies have shown that 
this can sometimes be reduced to an effective 

single band Hubbard model at least for 
highTc’s BUT ONLY FOR LOW ENERGY 

EXCITATIONS E<0.5eV 

Macridin et al  
Phys. Rev. B 71, 134527 (2005)   





(Maximize spin) 







Crystal and ligand field splittings  

Often about 0.5 eV 
In Oh symmetry 





Eg-O2p hoping is 2 times as large as T2g-O-2p hoping  

Often about 1-2eV 
In Oxides  





High Spin – Low Spin transition  very common in 
Co(3+)(d6), as in LaCoO3,  not so common in Fe(2+)(d6) 
Because of the smaller hybridization with O(2p)  



Mixed valent system could lead to strange effects  
Such as spin blockade for charge transport  and high 
 thermoelectric powers 



What  would happen if   2Jh <10Dq<3Jh 
If we remove one electron from d6 we would go from 
S=0 in d6 to S=5/2 in d5. The “hole “ would carry a spin 
Of 5/2 as it moves in the d6 lattice.  















LiVO2  V(d2—S=1) 
Two electrons in a t2g 
Orbital 

Rock salt strucuture  
Alternateing V Li O layers 
Each have a triangular laCce 





dxy 

dxz 

dyz 

Pen et al PRL 78,1323   

This orbital ordering yields a large internal  
AnKferromagneKc exchange and a weak  
external ferromagneKc exchange .  

Orbital ordering removes frustraKon  





If the charge transfer energy gets small we have to  
Modify the superexchange theory 

Anderson 1961 

New term 











The high Tc cuprates as a more 
detailed example 



Problems with band gaps or 
conductivity gaps 

•  One particle theory like DFT predicts 
La2CuO4 to be a non magnetic metal while 
experiment shows it is a strongly 
antiferromagnetic insulator with a ~2 eV 
conductivity gap 

•  This is the case for many transition metal and 
rare earth compounds and a general problem 
for correlated electron systems  

•  Also excitonic states in semiconductors and 
insulators are not described with 
conventional DFT methods 



LSDA+U also has no electron correlaKon 
Single Slater det. of Bloch states. No mulKplets.  

LSDA  LSDA+U 

Czyzk et l PRB 49, 
 14211(1994) 

LSDA+U anKferromagneKc   S=.8 Bohr magnetons, E gap = 1.65 eV 

La2CuO4 



LDA+U 

•  Has no correlation in the wave functions 
•  Single Slater determinants 
•  Spin is not a good quantum number only 

the z component  
•  It can get the gap right and the right spin 

structure  for insulators 
•  As we saw above it does not get spectral 

weights right 



Doped holes in cuprate 

C. T. Chen et al. PRL 66, 104 (1991) 

Cu2+ d9 S=1/2 

O 2- full shell 

La2-xSrxCuO4  Sr ---doped holes 



Cuprates belong to the charge 
transfer class of materials so we 

must consider both the O 2p 
bands and the Hubbard U split 
Cu 3d states in a fully realistic 
model sometimes called the 3 

band Emery model  
Emery and Reiter PRB 38,4547  (1988) 



Oxides 

Remember at surfaces U is increased, Madelung is decreased, W is decreased 



To calculate the spectroscopies 
and the gap we use the 

Anderson Impurity model 
mentioned before with a Cu 
impurity hybridizing with a 

initially filled O 2p band  

Zaanen and Sawatzky Progress of Theor. Physics, 101, (1990) 231-270 



To calculate the gap we calculate  
the ground state of the system with  

n,n-1, and n+1 d electrons  
Then the gap is 

E(Gap)= E(n-1)+E(n+1)-2E(n) 



To calculate the ground state 
i.e. N particle energy and the 
optical spectrum we need the 
eigenstates of the N particles 
system which in the impurity 
approximation is given by the 

poles of the one particle greens 
function for electron removal 

from the N+1 particle full band 
state 



To calculate the PES spectrum  

•  Consider a Cu 2+ impurity in a O Lattice 
•  The ground state and optical spectrum will 

be given by the one hole Greens function 
•  The PES spectrum will be given by the two 

hole Greens function which also includes 
the lowest energy electron removal state 
of the various possible symmetries and 
spins.  

•  The lowest energy state is the lowest N-1 
partical state needed for the gap 



 Example Cu2+ as in LaCuO4   (d9 s=1/2) 
For the N‐1 electron states we need  d8, d9L, d10L2  where L  
denotes a hole in O 2p band. The d8 states exhibit mulKplets   

We need all the two 
 particle states spanned  
by the irreducible  
representation of the  
Cu d8 states. This involves  
Up to 4x4 Greens function 
 matrices 



To cacluate the inverse 
photoelectron spectrum is trivial 
in this model since all states are 
full for one electron added to the 
impurity in an otherwise full O 

2p band system.   



Cu2+ (d9) Impurity in CuO laCce   Eskes et.al PRL 61,1475 (1988) 

Zhang rice singlet 

Other symmetry 
States start at  
about 0.8 eV 
Below ZR Parameters  

From TB band 
 structure plus 
U and delta fits 
Racah parameters 
From gas phse 
Moores tables  
Reduced by 20% 



H. Eskes and G.A. Sawatzky 
PRL 61, 1415 (1988).  Anderson Impurity calculaKon  

Zhang Rice  
singlet 

Note the large 
Energy scale  
Covered by each  
State!! 



J. Ghijsen et al 

Phys. Rev. B. 42, (1990) 2268.   Resonant Photoemission spectrum of CuO  

Energy below Ef in eV  



Zhang Rice singlets 
Cannot be represented 
By single Slater determinant 



Is the single band Hubbard 
model justified? 

•  For zero or small hole doping the ZR 
singlet states look much like those of the 
lower Hubbard band  

•  So for low doping the low energy scale 
(<0.5 eV) the Hubbard model could be OK 

•  However for heavy doping the ZR states 
start overlapping and loose their integrity 
and they move away from the pi.2,pi/2 
momentum region. So the parameters U 
and t’s will be doping dependent 



Is single band Hubbard jusKfied for Cuprates? 

Zhang Rice PRB 1988 
37,3759 



Problem with ZR singlets  
•  The combination of O 2p states is not 

compatible with a band structure state 
•  The wave functions are non orthogonal  

From ZR PRL 37,3759 

Note it goes to infinity at k=0,  should we see it at Gamma in ARPES? 
Luckly it goes to 1 for K= Pi/2,Pi/2 and along the anKferromagneKc  
zone boundary  where the doped holes go at low doping  



Problems with ZR singlets 

•  As we dope the system the integrety of the 
ZR states disappears 

•  As we dope the system the ZR states 
strongly overlap forbidden by Pauli so they 
must change.  



Using a single band model for a 
doped charge transfer insulator 
•  At most it can only be used at quite low 

energies.  
•  For cuprates there are lots of other states 

and band for energies above .5 eV 
•  For cuprates the UHB wave functions are 

very different from the LHB Therefore 
parameters can be different 

•  The ZR like picture is at most valid for only 
about 200meVor even less. And very low 
doping  



Please cite as: 

George Sawatzky:  Lecture delivered at the XIV Training Course in the Physics     
     of Strongly Correlated Systems, Vietri sul Mare (Salerno) 
    Italy, October 5 – 16, 2009. 


